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Abstract. A new {'y n .i^'k)~ KP hierarchy with two new time series 7„ and a kl 
which consists of 7„ — flow, a k — flow and mixed 7„ and a k evolution equations of 
eigenfunctions, is proposed. Two reductions and constrained flows of (7 n ,Cfc)— 
KP hierarchy are studied. The dressing method is generalized to the (7nj0fc)— 
KP hierarchy and some solutions are presented. 

Keywords: (7„, cr k )— KP hierarchy; constrained flows; Lax representation; gen- 
eralized dressing method 

1 Introduction 

Generalizations of KP hierarchy (KPH) attract a lot of interests from both 
physical and mathematical points of view[I]-[TTj. One kind of generalization 
is the multi-component KP hierarchy Q], which contains many physical rel- 
evant nonlinear integrable systems such as Davey-Stewartson equation, two- 
dimensional Toda lattice and three-wave resonant integrable equations. An- 
other kind of generalization of KP equation is the so called KP equation with 
self-consistent sources (KPESCS) OH]- For example, the first type and sec- 
ond type of KPESCS consists of KP equation with some additional terms and 
eigenvalue problem or time evolution equations of eigenfunctions of KP equa- 
tion, respectively [9] - [14] . 

Denote the time series of KP hierarchy by {t n }. Recently, we proposed an 
approach to construct an extended KP hierarchy(exKPH) by introducing an- 
other time series {r k } Q21 HI HZ]- The exKPH consists of t n — flow of KP 
hierarchy, r k — flow and the t n — evolution equations of eigenfunctions. To make 
difference, we may call the exKPH as (t n ,T k )— KPH. The {t n ,T k )— KPH con- 
tains the first type and second type of KPESCS. Also we developed the dress- 
ing method to solve the (t n , r k )— KPH[T5]. [H] generalized the (t n , T k )— KPH to 
the (r n ,Tfc)— KPH which consists of t„— flow, r k — flow and the r„— evolution 
equations of eigenfunctions and Tfc— evolutions of eigenfunctions. However, [T9] 
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didn't find the solution of (r n , r^)— KPH. In contrast to one t n — evolution equa- 
tion of eigenfunctions as coupling equation in our (£„, t^)— KPH, there are two 
coupling equations: r„— evolution and r^— evolution equations of eigenfunc- 
tions in (t„, Tfc)— KPH. Our generalized dressing method can not be applied to 
the (r n ,Tfe)— KPH due to too many coupling equations. 

In this paper, we generalize the (t n ,Tk)— KPH to (-f n , Cfe) - KPH by intro- 
ducing two new time series 7„ and a k with two parameters a n and (5k- The 
{in, Ok)— KPH consists of 7„— flow, cr^— flow and one mixed y n and Ok evolu- 
tion equation of eigenfunctions. The (7„, au)— KPH can be reduced to the KPH 
and (t n ,Tk)— KPH, and contains first type and second type as well as mixed 
type of KPESCS as special cases. The constrained flows of the (7„, <Jk)— KPH 
can be regarded as generalization of Gelfand-Dickey hierarchy (GDH), which 
contains the first type, second type as well as mixed type of GDH with self- 
consistent sources in special cases. We also develop the dressing method to 
solve the (7„, Ofc)— KPH. Comparing with the multi-component generalization, 
wc generalize the KPH by means of introducing two new time series and adding 
eigenfunctions as components. 

The paper is organized as follows: In section 2, we propose a new (7n,<7fc)— 
KPH. Section 3 presents the constrained flows of the (7„,<7fc)— KPH. Section 
4 devotes to develop the generalized dressing method for solving the (7n,Cfc) — 
KPH. Section 5 presents the N-soliton solutions and a conclusion is given in the 
last section. 

2 A new (7^,0^,) — KP hierarchy 

2.1 The KP hierarchy and extended KP hierarchy 

Let us first recall the construction of the KP hierarchy(KPH) [TJ H H gj |S] and 
the extended KP hicrarchv(cxKPH) [T51 ITS] . It is well known that the pseudo- 
differential operator L with potential functions Ui is defined as 

L = d + u 1 d- 1 +u 2 d- 2 + ••• . 

The KPH is given by [8] 

L tn = [B n ,L], (1) 

where B n = L" stands for the differential part of L n . The compatibility of the 
t n — flow and t^— flow of ([TJ leads to the zero-curvature representation of KPH 

B nM -B kitn + [B n ,B k ]=0. (2) 

In particular, B2 — d 2 + m, B3 = d 3 + 3uid + 3(ui x + U2) and ([2]) by setting 
*2 = y, £3 = t and u\ = u yields the KP equation 

(4u t - Yluu x - u xxx ) x - 3u ylJ = 0. 



2 



Based on the observation that the squared eigenfunction symmetry con- 
straint given by 



N 



i=l 

qi,t n = B n (qi), n, tn = -B*(n), 
is compatible with KP hierarchy [20l [21] . we proposed the exKPH as follows in 

m 

L tn = [B n ,L], (3a) 

N 

Lr h = [B k + ^2q i d- 1 r i ,L], (3b) 



; = 1 



9i,t n = B n (qi), r i<tn = -B*(n), i = !,-■■ ,N. (3c) 

The commutativity of ([3"a|) and (|3b[) under ([3c]) gives rise to the following zero- 
curvature representation for exKPH ^ 

N 

B n ,r k - B kttn + [B n , B k ] + [B n , 1id~ X n]+ = 0, (4a) 

%tn = B n (q t ), n, tn = -B*(n), i = l,.--,N. (4b) 

To different ^ from ([1]) and the generalized KPH presented in this paper, we 
may denote (|3]) or ((4]) by (t n ,T k )~ KPH. We developed the dressing method to 
solve the (t n ,Th)— KPH and obtained its solutions in [18]. [19] generalized the 
(t n ,T k )- KPH to (r„,r fe )- KPH as follows 

N N 

B n , Th - B KTn + [B n , B k ] + [B n , J2 1id~ l ri]+ + [J2 nd^i, B k ]+ = 0, (5a) 

i=l i=l 

<?i,r„ = B n (qi), r i>Tn = -B*(n), (5b) 
qi,r k = B k (qi), r hTk = -B* k (ri), i = !,-■■ ,N. (5c) 

But P]5] didn't find the solutions for the (r„, T k )— KPH ([5]). In contrast to one 
pair of coupling equations ([3"c]) (or (|4b[l ) in (t n , r k ) — KPH, there are two pairs of 
coupling equations (|5b[) and ([5c]) in (r„, T k )— KPH. In fact, the dressing method 
developed in our paper [IB] can not be applied to the (r„,rfc)— KPH ([5]) since 
there are too many (two) coupling systems (|5b[) and (|5c[) . 
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2.2 A new (7 n ,cr fe )— KP hierarchy 

Stimulated by the (t„,r fe ) — KPH (J3]) and we propose the following gener- 
alized KPH with two generalized time series j n and a k : 

N 

L in = i B n + a n y^g^'V^X], (6a) 

TV 

L fffc = [Bk+^^qid-^L], (6b) 

i=l 

<^n{qi,cr k ~ B k (qi)) - /3fe(9i, 7n ~ B n (qi)) = 0, 

an(r i , (T »+fifc(r i ))-j8 fc (r 4 , 7B +B*(r i ))=0 ) i = 1, 2, • • • t N. (6c) 



We will prove the compatibility of (|6a|) and f|6b[) under (|6q) in the following 
theorem. First we need the following Lemma presented in |15j 

N N N 

[B n , ^2 ftfl-V,]. = ]T B l (q l )d- 1 n - ]T qid- l B* n {n). (7) 

i—1 i—1 i—1 

Theorem 1. The J n ~ flow &6a\) and o k — flow H6b\) under H6c\) are compatible. 
Proof. Denote 

AT 

B n = B n + a n Y qi9^ 1 r l , 



N 



B k = B k +f3 k Y^d~ 1 n- 

i=l 

In order to prove L Jnta - k = L (T( .. 7n , i.e. 

[B n ,<j k — B knn + [B n , B k ],L] = 

we only need to prove 

B n ,<j k — -Sfc,7„ + [B n , B k ] — 0. (8) 
For convenience, we omit We can find that 

B n ,a k = B Ui<Tk + a n (qd- 1 r) ak = [B k + (3 k (qd^ 1 r), L n } + + a n (qd~ 1 r) ak 

= [B k ,L n ] + +/3 k [qd~ 1 r,L n ] + + anq„ k d- 1 r + anqd- 1 r ak , (9) 
and similarly, 

B Kln = [Bn,L k ] + +a n [qd- 1 r,L k ] + +f3 k q ln d- 1 r + f3 k qd- 1 r 7n . (10) 
Making use of the basic Lemma (JT)), we have 

[B n ,B k ] = [B^Bkl + iBn^kqd-'rj + lanqd-^Bk] = [L n -(L n )_, L k -(L k )„} + 



+ f3 k [B n ,qd- 1 r} + + a n [qd- 1 r, B k } + + p k [B n ,^~ x r]- + a^qd^r, B k ]_ 
= [B n ,L k } + + [L n , B k }+ - [(L")_, (L fe )_] + + p k [B n ,qd- l r]+ + a n [qd^r, B k ] + 

+ P k B n (q)d- 1 r - faqd-'B^r) - a n B k {q)d- l r + a^d" 1 B* k {r). (11) 
Then ©, (HOJ) and ^Bl under flSc]) yields 

B n ,a k ~ £fc, 7n + [B n ,B k ] = [a n {q ak - B k (q)) - (3 k (q ln - B^qj^d" 1 !' 

+qd- 1 [a n (r ak +B* k (r))-l3 k (r^+B* n (r))}=0. 

□ 

Then the compatibility of j n — flow ([6a]) and a k — flow (|6bj) under |6c|) gives 
rise to the zero-curvature representation for ([6]) 

TV N 

(B n + a„ ^ qid^n)^ - (Bfc + /?fe ^2 < H d ~ lr i)y n 

i=l i=l 
N N 

+[B n + a n J2 qid'^i, B k + p k ^ qrf^n] = 

i=l i=l 

which under (|Sc|) can be simplified as follows. Then we have 

Theorem 2. The commutativity of &6a\) and f6b)) under \6c\) gives rise to the 
zero- curvature equation for the generalized KPH with two generalized time series 

N N 

B n ,a k - B knn + [B n , B k ] + (3 k [B n , qid~ 1 r i }+ + a n [J2 q l d~ 1 r % , B k ]+ = 0, 

i=l i=l 

(12a) 

Oi n (qi,a k - B k (qi)) - (i k {q inn - B n (q. t )) = 0, 

a n (r hak +B* k (r l ))~p k (r inri +B* n (r l ))=0, % = 1,2,---,N, (12b) 
with the Lax representation 

N N 

VS. = (B n + a n q.d^n)^), Vv fc = (B k + (3 k £ q^r,)^). (13) 
i=l i=i 

We briefly call © and (fT2"j) as (7„, crfc)— KPH. It is easy to see that (7„, dfe)— 
KPH © and (H]) for a„ = /3 fe = reduces to KPH (TTJ) and ©, (7„,T fe )- KPH 
for a n = 0, = 1 reduces to (t„,r fc )-KPH © and g}. So (7„,<7 fe )- KPH 
© and (ITS]) present a more generalized KPH which contains the KPH and 
(t n , T k )— KPH as the special cases. 
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Example 1. Let us take n = 2 and k = 3, and set 72 = y, 03 = t, u\ = u. 
Then equations ftlty) becomes 



N N 



B 2 ,t - B 3tV + [B 2 ,B 3 ] + P a {B 2 ,Y, <7id _1 n]+ + <*aE Qid^n, B 3 } + = 0, 

i=l i=l 

(14a) 

a 2 (qi,t - B 3 (qi)) - fo{qi, y - B 2 {qi)) = 0, 

a 2 {r i , t + B*(r i ))-p 3 {r i , y + B*{r i ))=0, i = 1,2, • • • , N, (14b) 
which gives the following nonlinear equation 

N N 

Au t - 3d~ 1 u yy — 12uu x — u xxx — 3a 2 y](qin)y + 4/3 3 y~](qirj) x 

t=i i=i 

JV 

+ 3a 2 y^Cgirj.zx - qi, xx Ti) = 0, (15a) 

i=l 

3 3 3 ^ 

3=1 

- I3s{qi, v - qi, xx - luqi) = 0, 

3 3 3 ^ 

a2(fi,t - r;,^ - 3iiri,, + -r»9 1 ii y - -riU x + -n ^ gjr,) (15b) 

3=1 

-Pair** +n,xx + 2un) = 0, i = 1,2, • • • ,JV, 
i/ie Lax representation as follows 

N 



yj y = (d 2 + 2u + a 2 J2 g i 5- 1 r ?; )(^), 



TV 

in = (d 3 + 3ud + \d- l u y + \u x + §/3 3 Yl ft^VXVO- (16) 



2 

i=l 



Specially, when take «2 = /?3 = 0; a 2 = 0, ^3 = 1; a 2 = 1, /3 3 = and 
a 2 = I, fts = 1, respectively, (fT5|) and (fl"6)) reduces to the KP equation[8], 
the first type of KP equation with self-consistent sources [lOj [12] , the second 
type of KP equation with self-consistent sources [9l [14j [15] and the mixed type 
of KP equation with self-consistent sources[T3] and their Lax representations, 
respectively. 



3 Reduction 

Consider the constraint given by 

TV 

L k =B k +p k Y J ^d~ 1 r l . (17) 
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Then fl6b|) yields 

N 



(L k ) ak = [B k + /3 fe Vid-^u L k ] = 0, (18) 



N 

which imply that L , B kl qi and r.; under (| 17[) are independent of a k . Subse- 
quently, qi tCrk and r^ ak in ([Sc|) should be replaced by and —Air,; as in the 
case of constrained flow of KP[20j [21], namely (|6c|) under the constraint (|17[) 
should be replaced by 

ctnihqi ~ B k (qi)) - /3 k (qi,<y n - B n (qi)) = 0, 

OnC-Vi + BJE(r*)) - /3 fc (r ii7 „ + B*{ n )) = 0. (19) 

We will show that the constraint ((T7|) is invariant under the 7„— flow (|6al) and 
p^|) . In fact, making use of (|5a)) .([7| and (fT9"|). we have 

(L fe -B fe ) 7 „ = (£*„)- = [B„,L fc ]„ 

i—1 i—1 i—1 

+a n (X l q i - B k (q. l ))d~ 1 r l - fikqid~ 1 B* l (r l ) + a n q i d~ 1 {-\ l r. l + B^(r»))] 

AT AT 

i=l i=l 
N N 

= [B n , fa'yiqid^ri]- - [B k , a n ^ qid" 1 ^}- 

i=l i=l 

= [B„,L fc ]_ — [B n ,Bfe]_ — [Bfe,B n ]_ + [Bfe, B n ]_ = [_B„,L fc ]_. 
Then 

(^-Bk-fik^id- 1 ^ =0. 



This means that the sub-manifold determined by the k-constraint (fT7| is invari- 
ant under the 7„— flow (|5a|) and 
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Therefore, the constrained flow of (7„, <jfc)-KPH © and (fT2"j) under (| 1 T[) 
reads 

N N 

B knn + [B k ,B n ] + (3 k ^2 Qid^n, B n ] [B k ,J29i9- 1 r i }+=0, (20a) 

i=l i=l 

a n {\iqi - B k (q t )) - /3 k {q inn - -B n (?i)) = 0, 

a n {-\ l r. l +B* k (r i ))-f3 k {r inn +B* n (n)) = 0, i = 1, 2, • • • , N. (20b) 
with 

N 

B n = (B k + l3 k Y, ffifl-VijJ . (20c) 



The system (|20[) can be regarded as the generalized Gelfand-Dickey hierarchy 
(GDH). When a n = /3 k = 0, ^ reduces to the GDH. When a n = 1, (3 k = 0, 
(|2T)|) is just the first type of GDH with self-consistent sources. When a„ = 
0, (3 k = 1, (|2U)) represent the second type of GDH with self-consistent sources. 

Example 2. When k = 2, n — 3, 73 = i, ui = u, JlOj) gives 
1 W 3 ^ 

Wt - -^Uxxx ~ 3UU X + Ct 3 y^(gin) g + -/^^fe^KC ~ qi.xxTi) = 0, (21a) 

1=1 1=1 
3 3 W 

- /32(<7i,t - qi,xxx - 3uq iiX - -u x q.i - -q t ^ qjrj) + a 3 {\ l q l - q l:xx - 2uq t ) = 0, 



2 2 



3 3 N 



(21b) 



^2(ri,t - n. xxx - 3ur itX - -u x ri + -ri ^ qjVj) - a 3 (~X l r i + r i>xx + 2wr,) = 0, 

z = 1, 2, ■ • - ,N. (21c) 

which just is the mixed type of KdV equation with self- consistent sources. 
with «3 = 1, /3 2 = gives the first type of KdV equation with sources \22\ \23f . 
V21\) with a 3 = 0, /3 2 = 1 gives the second type of KdV equation with sources il5f . 

Example 3. When k = 3, n = 2 and 72 = t, u± = u, V2U\) gives rise to the 
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mixed type of Boussinesq equation with self- consistent sources 
1 ^4 

-^u xxxx + 2(u 2 ) xx + u tt + ^2[--/3 s (q l r l ) xx + a 2 (qir t ) xt + a 2 (qi, xx ri - qiT itXX ) x \ = 0, 

(22a) 



3 



3 3 3 x ^ 

ct2[\iqi - qi.xxx — 3uqi, x - qi{-d~ 1 u y + -u x + - y^gjrj) 



i=l 

— Ps{qi,t - qi,xx - 2uqi) = 0, 

3 3 3 ^ 

ct2[-Kri - n <XX x ~ 3un, x + Ti(-d^ 1 u y — -u x + — 2^ qjVj)] 

!=1 

- Ps{ri,t — n,xx — 2un) = 0, 

(22b) 



with a.2 = 1) 03 = gives the first type of Boussinesq equation with 
sources. h21)) with a 2 = 0, /3 3 = 1 gives the second type of Boussinesq equation 
with sources] 15^. 

4 Dressing approach for (7^, tr^j-KPH 

Inspired by Refs[8ll24]. we consider the generalized dressing approach for (7„, o~k)- 
KPH. Assume that operator L of (7„, erfc)-KPH can be written as a dressing form 

L = WdW~ 1 , (23) 

W= I + und' 1 + w 2 d~ 2 + ■ ■ ■ . (24) 

Proposition 1. IfW defined by satisfies 

N 



W ln = -L n _W + Q„^ q l d~ 1 r l W, (25a) 

i=l 
N 

W„ k = -L k _W + PkY / Qid^nW (25b) 

i=l 

then L satisfies \6a}) and \6b\) . 

Proof. Based on (|2"3")) and (|25a[) . we have 

L 7n = W ln dW - WdW~ l W ln W' 1 

N N 

= (L™ + a„ Y, did- l n)L - L{L\ + a n £ qid^n) 

i=l i=l 
N 

= [B n + a n Y *5 _1 r. t , L]. 
i=i 

Similarly, we can prove that L satisfies (|6b[) . □ 
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It is well known that the Wronskian determinant [5] 



Wr(h u --- ,h N ) 



h x h 2 

K K 



' N 

,' 

'jV 



,JV-1 



-1 "2 N 

is a r— function of the KPH and the Nth order differential operator given by 



W 



Wr(h lr -- ,h N ) 



hi h 2 
h[ h' 2 



1 



N uN 



h' N d 



h% d N 



(26) 



provides the dressing operator, where hi, h 2 , ■ • • , hjsf are N independent func- 
tions and satisfy W(hi) = 0. 

This dressing operator W is constructed as follows: Let fi, gi satisfy 



/«,7« = fi,a„ = d k {.h) 

3i,7n = d n (g l ), gi, ak = d k {g i ) 1 i = 1, 
and let hi be the linear combination of fi and gi 

hi = fi + -Fi(a n 7„ + Pk^k)9i i = l,. 



.,N, 



with Fi(X) being a diffcrcntiablc function of X, X = a n j n + Pk&k- 
Define 



-EiW( gi ), r, 



,hi, - ■ ■ , /ijv) 



Wr(hi,--- ,h N ) 



i = l, 



(27a) 
(27b) 

(28) 
,iV (29) 



where the hat " means rule out this term from the Wronskian determinant, 
Fi = f|-. We have 

Theorem 3. Let W be defined by fM|) and L = WdW' 1 , & and be 

given by i29\l , then W, L, qi, Ti satisfy H25\) and (-jn^a^-KPH and \12]) . 

To prove Thcorem[3j we need several lemmas. The first one is given by Oevel 
and Strampp[24]: 

Lemma 1. W' 1 = Y^Li hid~ 1 ri. 

Lemma 2. fT5jj The operator d~ 1 riW is a non-negative differential operator 
and 

(d^nW^hj) = %, l<i,j<N. (30) 
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Proof of Theorem^ For (|25a|i . taking d ln to the identity W{hi) = 0, using 
(|27|) , ([28]) . the definition ([29]) and Lemma [2j we find 

HW-yJiK) + {Wd n ){.h) + OnFiWbi) + FiiWd^igi) 
=(W yn )(hi) + (Wd n )(hi) - a n g t 

N 

=(W Jn )(hi) + (L n W)(h t ) -a n J2 qjSji 

3=1 

JV 

={W ln +L n _W-a n Y^ qjd-^jW^hi). 

3=1 

Since the non-negative difference operator acting on hi in the last expression has 
degree < iV, it can not annihilate N independent functions unless the operator 
itself vanishes. Hence (|25ap is proved. Similarly, we can prove (|25b[) . Then 
Proposition [T] leads to (pa)) and (|6bl) . 

The first equation in ([5c]) is easy to be verified by a direct calculation, so it 
remains to prove the second equation in (|6c[) . Firstly, we see that 

N 
3=1 

N 

= d n W~ l - W~ x B n - a n W~ l Qjd^rj. (31) 

3=1 

TV 

(W- 1 )^ = tfW- 1 - W- x B k - hW-^^r,. (32) 

3=1 

On the other hand, from W~ x = hid~ 1 ri we have 

{W~% n = J2 d n {h i )d- 1 r i + hid^n^ (33) 

(W~\ k = E 0* W 1 * + £ hid-'n,^ (34) 
It is obviously that - /3 k §2) = a n $5Q - f3 k §5§, i.e. 

= -P^W- 1 - W^BJ- + a n {d k W- x - W- x B k )_ 
The above equations gives 

A J2 ^"V^ + Kin)) - a n £ M _1 (/V* + ^(n)) = 0, 

which implies the second equation in (|6c[) holds. 
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5 N-soliton solutions for (7 n , dj,)-KPH 

Using Theorem [3J we can find N-soliton solutions to every equations in the 
(7n,o-fc)- KPH © and (T2|). Let us illustrate it by solving ([15]). Wc take the 
solution of (1271) as follows 



fi := cxp(X t x + A?y + A^i) = , := cxp^x + y? t y + nft) = e v ' 

a 

(35) 



hi := fi + Fi(a 2 y + p3t)gi = 2/^exp(^^) cosh(^), Q; = ^ (6 - r?; - hi F 4 ) 



/<' 



For example, when N = 1, W — d — \ 

l = wd- x w = d + (Al ~ ^ sech 2 n^- 1 + ■ 



(Ai -Aii) 2 



The one-soliton solution for (1151) with N = 1 as follows 

■ sech 2 Oi 



9i = V a ^F ly + p 3 F lt (Xi - ^i)e 6+I?1 sechfij 
1 



In the case of iV = 2, the two-soliton solution for (|15[) is given 

u = 9 2 In 0, 

,i = (a 2 i% + /3 3 F lt ) (Ai "^ (A2 " Mi) (i + ^r^r^ -^, 

W (Ai — A 2 )( i A2 — ^lj 

g 2 = (a 2 F 2 y + P 3 F2t) 5 ( 1 + Fl 7^ rT7\ T e ) e > 

fc) (A2 — Al)(Al — [12) 

l + F 2 e" 2 -« 2 _ £i l + i^e" 1 "^ _ & 
ri = — e 51 , r 2 = — e S2 

A2 ~Hl A2 - /il 

where 

9 = 1 + Fx^ 2 —^-^ + F 2 ^— ^e*-& + Fl F 2 ^-^e'^-^. 

A2 — Al A2 — Ai A2 — Ai 



6 Conclusion 

In contrast to the multi-component generalization of KP hierarchy, wc generalize 
KP hierarchy by introducing new time series 7„ and and adding eigenfunc- 
tions as components. The (7n,Ofc)— KPH includes KP hierarchy and extended 
KP hierarchy, and contains first type and second type as well as mixed type of 
KP equation with self-consistent sources as special cases. The constrained flows 
of (j n , cr/-)— KPH can be regarded as the generalized Gelfand-Dickey hierarchy. 
We develop the dressing method for solving the (7„, er^)— KPH and present its 
N-soliton solutions. 
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